ABSTRACT. In this paper we generalize a theorem of Hunt, Muckenhoupt, and Wheeden on weighted norm inequalities for the conjugate function. Our generalization to the cases of a-adic solenoids is formulated in terms of the ergodic Ap -condition.
Introduction
We consider an arbitrary noncyclic subgroup of Q and its compact dual group Ea. There is an explicit construction for Ea which is called the a-adic solenoid. Since Ea is simply a subgroup of Q, E a inherits the order from Q; that is, if we let P = E a n (0, oo) then P defines the order on E a . For / G £2(£a)> we use the Fourier transform of / to define the conjugate function / (with respect to the order P): f A (x) = -isgn P (x)f(x) UeSL) (1.1)
where sgnp(x) ■ = -1, 0, or 1 according to % € (-P)\{0}, % = 0, or x € -P\{0}-The operator / >-» / is clearly a norm-decreasing multiplier on £2(^a)-If 1 < p < oo, the operator / i-> / extends from £2(£a) n£p(E a ) to a bounded linear operator of £p(Ea) such that the identity (1.1) holds, and the inequality H/HP < M p \\f\\ p holds for all / G £p(Ea), where Mp is independent of / (see [3] , or [1, Theorem 7.2]). We ask for which measures, other than Haar measure, is the operator / i-» / a bounded operator. More precisely, if 1 < p < oo, we seek to characterize those finite nonnegative Borel measures u for which the operator / i-> / is bounded from £ p (E a , u) n £i(E a ) into £p(E a , i/). By way of background, we recall that Forelli [7] studied this problem in the case G = T (henceforth, T is parameterized by [-7r,7r) ). He showed that if the operator f *-> f is bounded from £p(T, z/) n£i(T) into £p(T, z/), then z/ must be absolutely continuous with respect to Lebesgue measure A (z/ <^ A), and hence there is a nonnegative function w in £i(z/) where dv = WTJ^. This result was later extended by Hunt, et al. [13] , who showed that the operator / t-> f is bounded from £p(T,^) n £i(T) into £p(T,w) exactly when w satisfies a property called the .Ap-condition. We state this result in the following definition and theorem: Definition 1.1. (The ^-condition on T) Let 1 < p < oo. Let w be a nonnegative 27r-periodic measurable function. The function w satisfies the ^-condition on T if there is a constant Ap independent of all intervals / C R such that 2p . Also, by a modification of the proof in [13] , it is enough to assume that (1.4) holds for all / G £ p (T,w) n £i(T).
Hewitt and Ritter in [8] and [9] make an extensive study of conjugate Fourier series on a-adic solenoids. In this paper, we study weighted norm inequalities on a-adic solenoids Sa-Our main theorem (Theorem 4.4) gives a generalization of Theorem 1.1 in terms of the conjugate function on S a , obtaining a similar characterization as Hunt et al. [13] of those finite nonnegative Borel measures v for which the operator / i-» / is bounded from £p(Ea, l/ ) ^ ^(^a) ^0 £p(Saj v). The plan of the paper is as follows. In Section 2, we give an explicit representation of S a and define some other terms needed in our analysis. In Section 3, we show that if v is a nonnegative Borel measure on E a , and the operator / i-> f is bounded from £p(Ea,^) fl £i(5]a) i nto -CpCSaj^)? then v is absolutely continuous with respect to Haar measure p,. This shows that we need only characterize those weights w G £i(£ a ) that satisfy the property that the operator / i-» / is bounded from £p(£ a , w) n£i(£ a ) into £p(£ a , w). In Section 4, we state and prove a characterization of those weights that satisfy this last property (Theorem 4.4).
Preliminaries
2.1. The a-adic solenoid and its character group. Up to isomorphism, any non-cyclic subgroup of Q can be described as follows. Let a = (ao, ai,...) be a fixed infinite sequence of integers all greater than 1. Let
Let Q a be the set of all rational numbers -£-, where / G Z and k G Z + . Clearly Qa is a non-cyclic additive subgroup of Q, and as shown in [2] , any non-cyclic subgroup of Q is of this form.
According to the Pontrjagin duality ( [10, 24.8, p . 378]), the character group of Qa is a compact abelian group, which we denote by E a , and the character group of E a is again Qa. We let p, denote normalized Haar measure on S a . The group E a can be realized as the set [0,1) x A a , which is described in detail in [ 
. For all k e N, the quotient group E a /Afc is topologically isomorphic to the circle group T (see [8, 3.1] ). Indeed, the mapping
is a continuous homomorphism of Ea onto T with kernel A^ where Martingales on Ea. If / G £i(Ea), then the sequence (/ * fJ,k)k>o is a martingale relative to a sequence of cr-algebras (3 r A;)fc>o where 3^ consists of those Borel sets F C Ea such that F + Afc = F (see [6, Theorem 5.4 .1]). The functions / * fik also are known as the conditional expectations of / relative to #&. It is a well-known theorem of Doob's that if / G £p(Ea), then / * fik -> / in £p(E a ) as k -» oo (see [5] , or [6, Theorem 5.
2.6]).
The conjugate function on Ea. It is easy to see that Qa admits exactly one order P under which 1 is in P; the order is the one inherited from the usual order on R. We take this ordering on Qa where P = {xa £ Qa : a > 0}. For / G £2(Ea), we use the Fourier transform and the order generated by P to define the conjugate function /:
where sgnp(xa) = -1, 0, or 1, according to a < 0, a = 0, or a > 0, respectively. As noted before, if 1 < p < oo, the operator f *-+ f extends from £2(Ea) n £p(E a ) to a bounded linear operator of £p(£a) ([!> Theorem 7.2]). In addition, the conjugate function / has an integral representation that exists //-almost everywhere for all functions / G £i(£a) ([1, 6.11(c) and Theorem 6.5]).
The ergodic .Ap-condition on E a . Let <£> : M -► Ea be the continuous homomorphism defined in (2.1). If 1 < p < oo and w is a nonnegative function in £i(£a), we say that w is in ^4p(Ea) if the following condition is satisfied: for almost every x G Ea,
where K p is a constant independent of #. We let Ap{w) denote the least constant such that (2.4) holds.
The continuity of the conjugate function with respect to Borel measures
In this section, we show that if v is a finite nonnegative Borel measure on Ea, the continuity of the operator f *-> f from £p(E a , is) fl £i(E a ) into £p(E a , v) implies that i/ <C // where // is Haar measure on Ea- 
./Ea JEa forall/G£p(E a ,i/). We claim that h is real-valued z/-a.e. To see this, consider a continuous character Xa e P \ {0} (so then a > 0 and x a € (-P)\{0}). By (3.2), we have
Since the last integral is real-valued, /^ Rexalmhdp = 0. Similarly, / E Imxa Imhdv = 0, so that / s x a Im/iofi/ = 0. This is also true if Xa is replaced by any trigonometric polynomial Y l 1 £ =l Xaj (Xotj € Qa)-By the Stone-Weierstrass Theorem, the set of trigonometric polynomials on E a is dense in the set of all continuous functions on S a ; hence for all continuous functions / on E a , we have / s flrnhdv = 0. But then the signed measure (Im hdv) = 0, which means that Im h = 0 z/-a.e. and h is real-valued i/-a.e.
We also claim that (h + ig)du is of analytic type in the sense that (h + ig)du has a Fourier transform vanishing for the negative characters in Qa (see [16, p. 197] □ Remark 3.1. We note that the proof of Theorem 3.1 does not depend on the structure of the a-adic solenoid S a . In fact, using the same argument, we can show that Theorem 3.1 holds for any compact connected abelian group G where the dual is ordered and the conjugate function / is defined as in (1.1).
The Ap-condition on a-adic solenoids
We seek to characterize those finite nonnegative Borel measures is for which the operator / H-> / is bounded from £p(£ a ,z/) fl £i(S a ) into £p(S a ,z/). By Theorem 3.1, it suffices to characterize those weights w € £i(Sa) for which the operator / i-» / is bounded from £p(S a ,t(;) n£i(£ a ) into £p(£ a ,i£;). In Theorem 4.4, we show that this property holds if and only if w satisfies the ergodic Ap-condition in (2.4).
We prove some propositions before proving Theorem 4.4. It is essential for our analysis to define the following classes of functions for 1 < p < oo and w € £i(£ a ): 
Letting (/ * /jLk)y denote the function x i-> (/ * /Xfc)(^ + 2/) and applying the hypothesis to (/ * /ifc)^ we have from (4.1),
It is easy to see that this is enough to show that (ii) holds. It is easy to see that this is enough to show that (i) holds. □ Remark 4.1. We note that by slightly modifying the proof of Proposition (4.1), we can show that similar strong-type estimates hold. 
3)). Then w is in Ap(S a ) if and only if Wk is in A P (T). Moreover, in this case Ap(wk) < A p (w).
Proof. We show that the necessity part of the proposition holds. 
This is true for any interval /, hence Wk is in A P (T) with bound less than or equal to A p (w) . D
The next proposition shows that if w G -4p(S a ), then the operator / H-» / is bounded from £p(£a, w ) ^ £i(£a) ^0 ^pC^a? '^)-The proof is similar to that of [14, Theorem 2.1 and Corollary 2.4], using the transference methods of Coifman and Weiss [4] . We include the proof for completeness. 
(x -(p(t)) dtdfj,(x).
Let g x (t) = /(a: -<£>(£))!;<-_/<:"(£) and ^(t) = w(x -(p(t)). We have assumed that w G Ap(Ea), which means that for /z-a.e. So, for each interval I, the above inequality holds for x in La, except possibly on a set of measure 0 (depending on /). Thus, the inequality holds for /z-a.e. x in E a and for all intervals with rational endpoints (countably many). Approximating an arbitrary interval / by an interval with rational endpoints, a straightforward argument shows that the above inequality still holds for /x-a.e. x in Ea and all intervals /, hence showing that (2.4) holds and w € Ap(Ea). □
